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HEREDITARY ABELIAN MODEL CATEGORIES
JAMES GILLESPIE
Abstract. We discuss some recent developments in the theory of abelian
model categories. The emphasis is on the hereditary condition and applications
to homotopy categories of chain complexes and stable module categories.
This paper is a survey of recent advances in the theory of abelian model cate-
gories, a tool of increasing importance in modern homological algebra. We give an
updated account of the essentials of the theory and describe some recent exciting
applications. These include their connection to triangulated categories, applica-
tions to homotopy categories of chain complexes and stable module categories, and
recollement of triangulated categories.
Model categories were introduced by Quillen in [Qui67] and are most easily mo-
tivated by their utility in solving a localization problem for categories. Given a
category C we may wish to treat the morphisms in a particular class W as iso-
morphisms. For instance, C may be topological spaces and W may be the class of
weak homotopy equivalences, or, C may be a category of chain complexes and W
the class of homology isomorphisms. One may formally invert the morphisms of
W to obtain a potential category C[W−1]. But doing this leaves a category that
is unwieldy and difficult to understand, for the morphisms are formal “zig-zags”
of morphisms in C. Quillen’s theory solves this problem in the following way. By
making some extra assumptions on the category C, which are compatible with the
class W of weak equivalences, we can introduce a formal relation on certain mor-
phisms of C, called the homotopy relation. This leads to the construction of a new
category Ho(C), the homotopy category of C. The fundamental result is a canonical
equivalence C[W−1] ∼= Ho(C). In particular, the morphism classes consisting of the
cumbersome zig-zags are isomorphic to morphism sets (so they are not just proper
classes) in C, modulo the formal homotopy relation.
The theory of abelian model categories concerns the case of when C is an abelian
category and there is a model structure on C that is compatible with the abelian
structure. They were introduced by Hovey, in [Hov02], and the cornerstone of the
theory is Hovey’s correspondence: A one-to-one correspondence between abelian
model structures and certain (pairs of) cotorsion pairs. Since model categories
were invented and are mainly used by topologists, this correspondence serves as
a translator between ideas rooted in topology and ideas rooted in algebra. More
precisely, the translation is between ideas from homotopy theory and ideas from
homological algebra.
Hovey showed that in the case of abelian model categories, the class W of weak
equivalences is completely determined by a class of objects, called the trivial ob-
jects ; see Proposition 2.3. Under a mild hypothesis, called the hereditary condition,
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the homotopy category Ho(C) will also inherit the structure of a triangulated cat-
egory. In this case we may think of Ho(C) as the triangulated category obtained
from killing the objects inW . The hereditary condition is present in virtually every
abelian model structure encountered in practice. This paper focuses on constructing
triangulated categories by way of building hereditary model structures. New meth-
ods have made such constructions quite easy, and we illustrate this by generating
several models that have recently appeared in exciting applications. For instance,
Stovicek recently used abelian model categories to show that K(Inj), the chain
homotopy category of all chain complexes of injective R-modules, is a compactly
generated triangulated category whenever R is a coherent ring [Sto14]. In [BGH13],
abelian model categories were used to introduce the stable module category of a
general ring. And in [Bec14, Gil12], there appeared an elegant connection between
abelian model categories and recollement of triangulated categories.
Ideally, the reader will have some familiarity with homological algebra but per-
haps is not so familiar with model categories. On the other hand, folks with a
general interest in algebraic topology may be interested to see an updated account
on the current state of abelian model categories. In any case, the intention is to
give the general reader an introduction to the subject with complete references for
further study.
1. Notation and Conventions
Throughout the paper R denotes a ring. We do not assume it is commutative,
and unless stated otherwise, all modules are assumed to be left R-modules. We
will use the following notation throughout the paper. One can refer to a standard
reference such as [Wei94] for further details on K(R) and D(R).
R-Mod denotes the category of (left) R-Modules.
Ch(R) denotes the category of chain complexes of R-modules. Its objects are chain
complexes · · · −→ Xn+1
dn+1
−−−→ Xn
dn−→ Xn−1 −→ · · · and its morphisms are chain
maps.
K(R) denotes the homotopy category of chain complexes. Its objects are also chain
complexes but its morphisms are homotopy classes of chain maps.
D(R) denotes the derived category of R. It is the Verdier quotient of K(R) by the
class E of all exact (acyclic) chain complexes.
Sn(M) is the n-sphere on a givenR-moduleM . This is the chain complex consisting
only of M in degree n and 0 elsewhere.
Dn(M) is the n-disk on a given R-module M . It is the chain complex consisting
only of M
1M−−→M concentrated in degrees n and n− 1, and 0 elsewhere.
ΣnX is the nth suspension of a given chain complex X . It is the chain complex
given by (ΣnX)k = Xk−n and (dΣnX)k = (−1)
ndk−n.
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2. Fundamentals of abelian model categories
Abelian model categories were introduced by Mark Hovey in [Hov02] as abelian
categories possessing a compatible model structure in the sense of Quillen [Qui67].
The central result is now known as Hovey’s correspondence: A correspondence be-
tween complete cotorsion pairs and abelian model structures. In this section we
describe this correspondence and some first fundamentals of abelian model cate-
gories. Further theory will be developed in Section 4 after two motivating examples
are given in Section 3. Throughout this section, A denotes an abelian category.
2.1. Complete cotorsion pairs. Cotorsion pairs were introduced by Luigi Salce
in [Sal79] in the context of abelian groups. We think of a cotorsion pair in A
as a pair of classes that are orthogonal with respect to Ext1A(−,−). Regardless of
whether or not A has enough projectives or injectives, recall that the functors ExtnA
can be defined as equivalence classes of exact sequences, and made into an abelian
group under the Baer sum [Wei94, Vista 3.4.6]. In particular, Ext1A(X,Y ) = 0 if
and only if every short exact sequence 0 −→ Y −→ Z −→ X −→ 0 splits.
Definition 1. A cotorsion pair in A is a pair of classes (X ,Y) of objects in A
satisfying the following two conditions:
(1) X ∈ X iff Ext1A(X,Y ) = 0 for all Y ∈ Y.
(2) Y ∈ Y iff Ext1A(X,Y ) = 0 for all X ∈ X .
The cotorsion pair is called complete if for any A ∈ A there exists a short exact
sequence 0 −→ Y −→ X −→ A −→ 0 with X ∈ X and Y ∈ Y, and another short exact
sequence 0 −→ A −→ Y ′ −→ X ′ −→ 0 with X ′ ∈ X and Y ′ ∈ Y. The first sequence
generalizes the concept of having enough projectives while the second generalizes
the concept of having enough injectives. Indeed letting I and P denote the class of
injective and projective objects, we have the categorical cotorsion pairs (A, I)
and (P ,A). The former is complete precisely when A has enough injectives and
the second is complete when A has enough projectives. The canonical nontrivial
example of a complete cotorsion pair is Ed Enochs’ flat cotorsion pair (F , C), in
the category of modules over a ring R. Here F is the class of flat modules ; that
is, those modules F for which − ⊗R F is an exact functor. The modules in C are
called cotorsion modules. A standard reference for all of this and related concepts
is the book [EJ00].
A well known and powerful method for constructing complete cotorsion pairs is
to “cogenerate” one from a set. Given any set S of objects in A, we let S⊥ be the
class of all objects Y such that Ext1A(S, Y ) = 0 for all S ∈ S. A cotorsion pair
(X ,Y) is said to be cogenerated by a set if there exists a set S such that S⊥ = Y.
In practice, complete cotorsion pairs almost always arise as an application of the
following theorem. Recall that a Grothendieck category is an abelian category
possessing a generator and such that direct limits of short exact sequences are again
short exact sequences. For example, R-Mod is a Grothendieck category. Viewing R
as a (left) module over itself provides a generator for R-Mod; that is, every module
M is an epimorphic image of a direct sum of copies of R.
Theorem 2.1. Let A be a Grothendieck category and let S be any set containing a
generator. Let Y = S⊥. Then the cotorsion pair cogenerated by S, that is (⊥Y,Y),
is a complete cotorsion pair.
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Theorem 2.1 received a lot of attention after it was proved in the context of
R-modules by Eklof and Trlifaj [ET01, Them. 10], for Enochs then used it to settle
his flat cover conjecture. It states that any R-module has a flat cover, a notion
which can be thought of as dual to an injective hull. The version we give above
is from [SS11, Section 2]. The essential ideas even go back to Quillen, and are an
instance of his small object argument. This was made clear by Hovey in [Hov02,
Them. 6.5], and by Saorin-Stovicek in [SS11, Corollary 2.14]. In Hovey’s corre-
spondence between cotorsion pairs and abelian model structures, which we describe
next, cotorsion pairs that are cogenerated by a set correspond to cofibrantly gen-
erated model structures. See [Hov99, Section 2.1], [Hov02, Section 6], and [SS11,
Section 2].
2.2. Abelian model categories and Hovey’s correspondence. Apart from
the algebraic notion of a cotorsion pair, there is the topological notion of a model
category introduced by Quillen in [Qui67]. Simply put, a model category is a
category M along with three distinguished subclasses of maps called cofibrations,
fibrations and weak equivalences, all of which satisfy several axioms. The point
of the axioms is to introduce a homotopy theory into the category. The standard
references include [Qui67, DS95, Hov99, Hir03]. We will not repeat here the (long)
definition of a model category, simply because we won’t need it. Indeed the success
of Hovey’s correspondence is that it translates these axioms into much simpler
statements about cotorsion pairs. In particular, there is even no harm if the reader
wishes to take the definition of an abelian model category to be a Hovey triple as
in Theorem 2.2.
Hovey observed that the model structures appearing on abelian categories in
nature satisfy some compatibilities between the abelian structure and the model
structure. This of course is something that we expect in mathematics whenever we
merge two ideas. To explain in this case, assume an abelian category A has a model
structure in the sense of [Hov99, Definition 1.1.3] and let X ∈ A be an object. We
say that X is trivial if 0 −→ X is a weak equivalence; we think of these objects as
the ones to be “killed”, or forced to be zero. We say X is (trivially) cofibrant if
0 −→ X is a (trivial) cofibration. We say that X is (trivially) fibrant if X −→ 0
is a (trivial) fibration. With this language, for a model structure on an abelian
category to qualify as abelian, we require that the two structures be compatible in
the following sense.
Definition 2. Let A be a bicomplete abelian category with a model structure in the
sense of Definition 1.1.3 of [Hov99]. We call it an abelian model structure if
each of the following holds.
(1) A morphism f is a (trivial) cofibration if and only if it is a monomorphism
with (trivially) cofibrant cokernel.
(2) A morphism g is a (trivial) fibration if and only if it is an epimorphism
with (trivially) fibrant kernel.
As shown in [Hov02], this definition is stronger than it needs to be. However,
the above definition is equivalent and makes it clear that we can now shift all
our attention from morphisms (cofibrations, weak equivalences, and fibrations) to
objects (cofibrant, trivial, and fibrant). This is the key to the relative simplicity of
abelian model categories as opposed to general model categories. This brings us to
Hovey’s correspondence, which essentially says that an abelian model structure is
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just three classes of objects, the cofibrant, trivial, and fibrant objects, all satisfying
some properties. To state the correspondence, call a class of objects W thick if it
is closed under direct summands and satisfies that whenever two out of three terms
in a short exact sequence are in W , then so is the third.
Theorem 2.2 (Hovey’s Correspondence [Hov02, Theorem 2.2]). Let A be an abelian
category with an abelian model structure. Let the triple (Q,W ,R) denote respec-
tively the classes Q of cofibrant objects, W of trivial objects, and R of fibrant objects.
Then W is a thick class in A and both (Q,W∩R) and (Q∩W ,R) are complete co-
torsion pairs in A. Conversely, given a thick class W and classes Q and R making
(Q,W∩R) and (Q∩W ,R) each complete cotorsion pairs, then there is an abelian
model structure on A where Q are the cofibrant objects, R are the fibrant objects
and W are the trivial objects.
Hovey’s correspondence makes it clear that an abelian model structure can be
succinctly represented by a triple M = (Q,W ,R). By a slight abuse of language
we often refer to such a triple as an abelian model structure. Alternately, we often
call M a Hovey triple.
2.3. Characterization of weak equivalences and trivial objects. The weak
equivalences are the most important class of morphisms in a model category, for
they determine its homotopy category, as explained below in the Fundamental
Theorem 2.6. However, Theorem 2.2/Definition 2 do not explicitly characterize the
weak equivalences. As it turns out, applying the so called two out of three axiom
for model categories, it is easy to see that a map is a weak equivalence if and only
if it factors as a trivial cofibration followed by a trivial fibration. In fact we can
do better than that. The following important characterization is proved in [Hov02,
Lemma 5.8].
Proposition 2.3. LetM = (Q,W ,R) be a Hovey triple in A. Then a morphism is
a weak equivalence if and only if it factors as a monomorphism with trivial cokernel
followed by an epimorphism with trivial kernel.
So just as the property of being a cofibration (or resp. fibration) is completely
determined by the class Q (resp. R), Proposition 2.4 tells us that the weak equiv-
alences are completely determined by W . This is consistent with what we already
stated above: In abelian model categories, all of the defining concepts are moved
from morphisms to objects, making them much easier than general model cate-
gories. Furthermore, we have the following characterization of the trivial objects.
Proposition 2.4. Let M = (Q,W ,R) be a Hovey triple in A. Then the thick
class W is characterized in each of the two following ways:
W = {A ∈ A | ∃ s.e.s. 0 −→ A −→ V −→W −→ 0 withV ∈ W ∩R ,W ∈ Q ∩W }
= {A ∈ A | ∃ s.e.s. 0 −→ V ′ −→W ′ −→ A −→ 0 with V ′ ∈ W ∩R ,W ′ ∈ Q ∩W }.
Consequently, W is unique in the sense that whenever (Q,V ,R) is a Hovey triple,
then necessarily V =W.
The easy proof of the above proposition can be found in [Gil12, Proposition 3.2].
Note that it implies W is the smallest thick class containing both the trivially
cofibrant and trivially fibrant objects.
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2.4. Cofibrant and fibrant replacement. Hovey’s Correspondence Theorem 2.2
provides a method to build a dictionary between model category ideas and prop-
erties of cotorsion pairs. Now all model categories come with the fundamental
notion of cofibrant replacement and fibrant replacement. We now interpret these
for abelian model categories.
The idea of cofibrant replacement is to replace an object X by a cofibrant ob-
ject Q, which is isomorphic to X in the homotopy category Ho(M). Formally, a
cofibrant replacement of X is any factorization of the map 0 −→ X , where 0 is
the initial object, as a cofibration 0 −→ Q followed by a trivial fibration Q
p
−→ X .
In particular, Q is cofibrant and p is a weak equivalence. On the other hand, a
fibrant replacement of X is a factorization of the map X −→ ∗, where ∗ is the
terminal object, as a trivial cofibration X
i
−→ R followed by a fibration R −→ ∗.
Hence R is fibrant and i is a weak equivalence. Note that any abelian category is
pointed in the sense that 0 −→ ∗ is an isomorphism; we just have a zero object 0.
The following lemma now becomes obvious and provides the standard mechanism
for taking cofibrant and fibrant replacements in abelian model categories.
Lemma 2.5 (Cofibrant and fibrant replacement). Let M = (Q,W ,R) be a Hovey
triple in A and let X ∈ A be any object.
(1) Using completeness of the cotorsion pair (Q,W ∩ R), write a short exact
sequence 0 −→W −→ QX
pX
−−→ X −→ 0 with QX ∈ Q and W ∈ W ∩R. Then
QX is a cofibrant replacement of X in M.
(2) Using completeness of the cotorsion pair (Q ∩ W ,R), write a short exact
sequence 0 −→ X
iX−−→ RX −→W −→ 0 with RX ∈ R and W ∈ Q ∩W. Then
RX is a fibrant replacement of X in M.
Finally, given A ∈ A, by a bifibrant replacement of X we mean RQX .
2.5. The homotopy category of an abelian model category. We end this
section by describing Quillen’s classical result, on how model categories are used
to represent localization categories C[W−1]. Every standard reference on model
categories contains this material. So we keep this brief, emphasizing what the
results says for abelian model categories. The proof will just provide references to
the literature for full details.
First, letW be a class of morphisms in a category C. One can formally invert the
morphisms ofW to get a “category” C[W−1], where the morphisms ofW have been
forced to become isomorphisms. See [Hov99, Def. 1.2.1]. One obtains a canonical
functor γ : C −→ C[W−1] which is universally initial with respect to the property of
inverting the morphisms of W . But this “category” may not be a category at all,
in the sense that morphism sets are not guaranteed to be actual sets, just proper
classes. The standard result is that if W is the class of weak equivalences in a
model structure on C, then C[W−1] is indeed a category and can be represented
(i.e., “modeled”) via the model structure. The essentials are summarized in the
following fundamental theorem.
Theorem 2.6 (The Fundamental Theorem of Model Categories). Suppose M =
(Q,W ,R) is an abelian model category. Then there is a category, Ho(M), called
the homotopy category of M, whose objects are the same as those of A but
whose morphisms are given by
HomHo(M)(X,Y ) = HomA(RQX,RQY )/ ∼ .
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Here, RQX is a chosen bifibrant replacement of X as in Lemma 2.5, and f ∼ g if
and only if g − f factors through an object of the core Q ∩W ∩R. Moreover, we
have:
(1) The inclusion Q ∩R →֒ A induces an equivalence of categories
(Q∩R)/ ∼ →֒ Ho(M),
where again f ∼ g if and only if g− f factors through an object of the core
Q ∩W ∩R. Its inverse is obtained by taking bifibrant replacements.
(2) There is a functor γ : A −→ Ho(M) which is the identity on objects and
bifibrant replacement on morphisms. It is a localization of A with respect
to W, and hence there is a canonical equivalence of categories C[W−1] ∼=
Ho(M).
(3) For any choice of cofibrant replacement QX and fibrant replacement RY ,
we have HomHo(A)(X,Y ) ∼= HomA(QX,RY )/ ∼.
References for proof : Again, this goes back to [Qui67] and can be found in most
standard references on model categories. The key difference in our statement above
is the given characterization of the homotopy relation. As stated, it is only valid for
abelian model categories, and this was proved in [Gil11, Prop. 4.4]. The particular
method used for defining the homotopy category in the theorem is based on [DS95,
Definition 5.6/5.7]. The reader will find detailed proofs of the above statements
in [DS95, Sections 5 and 6]. Another good alternative is to consult [Hov99, Theo-
rem 1.2.10].
3. Two motivating examples
In this section we describe the main motivating examples of abelian model struc-
tures. They are the two standard models on Ch(R) for the derived category, and
two models on R-Mod for the stable module category of a Gorenstein ring R.
3.1. Models for the derived category of a ring. We can think of D(R), the
derived category of R, as the triangulated category obtained from Ch(R) by killing
the exact (or acyclic) chain complexes. By a fundamental result of homological
algebra, the class W of all exact complexes is indeed thick. So to model D(R),
one seeks an abelian model structure on Ch(R) with W as the class of trivial ob-
jects. The most common solutions to this are the injective model structure and
the projective model structure on Ch(R). The injective model structure was
written down in [Hov99, Section 2.3] before the correspondence between abelian
model structures and cotorsion pairs was realized. From the cotorsion pair per-
spective, it can easily be represented by the Hovey triple Minj = (A,W , I). Here
A denotes the class of all chain complexes while I is the class of all DG-injective
complexes [AFH97]. A chain complex I is DG-injective if each component In is
injective and all chain maps E −→ I are null homotopic whenever E is an exact
complex. From [EJX97] we see that (W , I) is a complete cotorsion pair withW∩I
coinciding with the class of all categorically injective complexes. Hence Minj is a
Hovey triple.
On the other hand, the projective model structure on Ch(R) is represented by
the Hovey triple Mprj = (P ,W ,A). Here P is the class of all DG-projective chain
complexes. They are the complexes P with each component Pn projective and all
chain maps P −→ E being null homotopic whenever E is exact. For more details, we
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again refer to [AFH97, EJX97, Hov99]. Also, the monograph [GR99] is a standard
reference for DG-injective and DG-projective complexes.
It is enlightening to interpret the Fundamental Theorem 2.6 with these model
structures. Recall that ExtnR(M,N) is classically computed by taking either a
projective resolution of M or an injective resolution of N . Following the projective
approach, take a projective resolution of M :
· · · −→ P2 −→ P1 −→ P0
ǫ
−→M −→ 0.
For brevity, we denote this by P∗
ǫ
−→ M −→ 0, where P∗ is the complex · · · −→
P2 −→ P1 −→ P0 −→ 0. Then there is an obvious short exact sequence 0 −→ K −→
P∗
ǫ
−→ S0(M) −→ 0. Since P∗ is bounded below, one can prove by induction that
it is a DG-projective complex. Moreover, K is easily seen to be exact. Hence P∗
is a cofibrant replacement of S0(M) in Mprj , by Lemma 2.5. Now applying the
Fundamental Theorem 2.6 (iii), we get
Ho(Mprj)(S
0(M), Sn(N)) ∼= Ch(R)(P∗, S
n(N))/ ∼
and ∼ turns out to be the usual chain homotopy relation by Lemma 5.1. On the
other hand,
Ch(R)(P∗, S
n(N))/ ∼ ∼= Hn[HomR(P∗, N)] ∼= Ext
n
R(M,N).
We conclude Ho(Mprj)(S
0(M), Sn(N)) ∼= ExtnR(M,N), and that the projective
model structure formalizes the classical computation of Ext via projective resolu-
tions. A similar argument applies to the injective model structure; it corresponds
to the existence of injective resolutions for computing ExtnR(M,N).
3.2. Models for the stable module category of a Gorenstein ring. Con-
sider a field k and a finite group G. Then k[G] is a quasi-Frobenius ring, meaning
it is both left and right Noetherian and the projective modules coincide with the
injective modules. In representation theory, the stable module category St(k[G])
naturally arises from k[G]-Mod by killing the projective-injective modules. For-
mally, the objects of St(k[G]) are just k[G]-modules, but morphisms are identified
by f ∼ g whenever g − f factors through a projective-injective module. Analogous
to how we saw above that Ext groups live as morphism sets in the derived category,
the Tate cohomology of G lives here as morphism sets in St(k[G]). Stable module
theory goes back to [AB69] and has been studied by many authors. In particular,
a classical abstract homological treatment due to Buchweitz can be found online;
see [Buc86].
The definition of St(k[G]) is reminiscent of the formal ∼ in the Fundamental
Theorem 2.6. So it is not surprising that there is an abelian model structure on
k[G]-Mod whose homotopy category is St(k[G]). In fact, one sees immediately that
there is a Hovey triple (A,W ,A), whereW is the class of projective-injective mod-
ules, and A denotes the class of all k[G]-modules. Using abelian model categories,
Hovey generalized this construction to Gorenstein rings R. Such rings include
quasi-Frobenius rings, and as we now explain, the trivial objects are relaxed from
the projective-injective modules to include all modules of finite projective/injective
dimension. Recall that a module M has finite injective dimension if it has a finite
injective resolution
0 −→M −→ I0 −→ I1 −→ · · · −→ In −→ 0,
and finite projective dimension is defined similarly.
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Definition 3. A ring R is called Gorenstein if it is both left and right Noetherian
and has finite injective dimension as both a left and right module over itself.
Such rings were introduced and studied in [Iwa79, Iwa80]. While Gorenstein
rings have long been important in commutative algebra, this definition extends
the notion to non commutative rings. If K is a commutative Gorenstein ring,
then the group ring K[G] is Gorenstein for any finite group G [EN55]. Iwanaga’s
main result on Gorenstein rings is that if R is Gorenstein with injective dimension
id(RR) = n <∞, then the class of R-modules of finite injective dimension coincides
with the class of R-modules of finite projective dimension. Furthermore, n is an
upper bound for any module of finite projective or injective dimension. See [EJ00,
Section 9.1].
Let W denote the class of all modules of finite injective (and hence projective)
dimension. In light of the above it is easily seen thatW is thick. We set GP = ⊥W ;
the modules in GP are called Gorenstein projective. These modules have been
studied by many people with much interest initially given by Enochs, Jenda, and
Xu. On the other hand, set GI = W⊥. The modules in GI are called Gorenstein
injective. The standard reference for Gorenstein injective and Gorenstein projective
modules is [EJ00, Chapter 10]. In the seminal paper [Hov02], Hovey defines the
stable module category St(R) of a Gorenstein ring, by putting two abelian model
structures on R-Mod, each having W as the class of trivial objects.
Theorem 3.1 ([Hov02], Theorem 2.6). Let R be a Gorenstein ring. Then there
are two abelian model structures on R-Mod as follows: The injective model struc-
ture Minj = (All,W ,GI) has all modules cofibrant and the fibrant objects are the
Gorenstein injective modules. The projective model structureMprj = (GP ,W , All)
has all modules fibrant and the Gorenstein projective modules are cofibrant. Since
they share the same class of trivial objects, their homotopy categories are equivalent.
We denote it by St(R) and call it the stable module category of R. Referring
to the Fundamental Theorem 2.6 we have equivalences
GP/ ∼ →֒ St(R) ←֓ GI/ ∼,
where f ∼ g if and only if g−f factors through a module of finite projective/injective
dimension.
4. Hereditary abelian model categories
We now discuss what has turned out to be a crucial property of cotorsion pairs
and abelian model categories, the hereditary property. We see this property in
virtually every cotorsion pair we encounter and it is connected to the theory of
abelian model categories in at least three important ways. First, Theorem 4.1 sup-
plements Hovey’s correspondence, making it easier than ever to construct abelian
model structures from hereditary cotorsion pairs. Second, each abelian model cat-
egory M constructed in this way is stable; that is, its homotopy category Ho(M)
is naturally equivalent to the stable category of a Frobenius category. Finally, the
hereditary hypothesis on cotorsion pairs has been crucial to the problem of lifting
complete cotorsion pairs to models for the derived category. This last point will be
discussed in Section 5.
A cotorsion pair (X ,Y) is called hereditary if X is closed under taking kernels
of epimorphisms between objects in X and Y is closed under taking cokernels of
monomorphisms between objects in Y. We also call an abelian model structure
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hereditary when the two associated cotorsion pairs in Hovey’s correspondence The-
orem 2.2 are hereditary. All of the cotorsion pairs encountered in this paper will
be hereditary, reflecting that virtually all the cotorsion pairs and abelian model
structures we encounter in practice tend to be hereditary.
4.1. Construction of hereditary abelian model categories. We now describe
a theorem which provides a convenient method to quickly construct hereditary
abelian model structures. Its utility will be illustrated throughout the rest of the
paper, to give easy proofs of the existence of many model structures with triangu-
lated homotopy categories.
Note that Hovey’s correspondence is between triples (Q,W ,R) with W a thick
class for which (Q,W ∩R) and (Q ∩W ,R) are complete cotorsion pairs. But it
turns out that a thick class W can be constructed from two complete cotorsion
pairs in the hereditary case. To state the result, given a cotorsion pair (X ,Y), call
X ∩ Y the core of the cotorsion pair. Note that for a Hovey triple (Q,W ,R), the
two associated cotorsion pairs (Q, R˜) = (Q,W∩R) and (Q˜,R) = (Q∩W ,R) have
the same core. This class, Q∩W ∩R is called the core of the Hovey triple.
Theorem 4.1 ([Gil15b]). Let (Q, R˜) and (Q˜,R) be two complete hereditary cotor-
sion pairs with equal cores and with R˜ ⊆ R, or equivalently, Q˜ ⊆ Q. Then there
is a unique thick class W for which (Q,W ,R) is a Hovey triple. It is the smallest
thick class containing the trivially fibrant and trivially cofibrant objects and satisfies
the following two characterizations:
W = {X ∈ A | ∃ s.e.s. 0 −→ X −→ R −→ Q −→ 0 withR ∈ R˜ , Q ∈ Q˜ }
= {X ∈ A | ∃ s.e.s. 0 −→ R′ −→ Q′ −→ X −→ 0 withR′ ∈ R˜ , Q′ ∈ Q˜ }.
Proof. A self contained elementary proof is detailed in [Gil15b]. 
It took quite a while for Theorem 4.1 to be found. This is because W is the
most important class in a model structure since, according to Proposition 2.3 and
Theorem 2.6, it determines the homotopy category. Naturally, one would typically
already have in mind whatW should be when constructing an abelian model struc-
ture. But Theorem 4.1 turns this idea on its head. For example, it has been known
for quite some time that we have a complete hereditary cotorsion pair (Q, R˜) in
Ch(R) where Q is the class of all complexes with flat components, and another
complete hereditary cotorsion pair (Q˜,R) where Q˜ is the class of all categorically
flat chain complexes. They satisfy the hypotheses of Theorem 4.1. So this raises a
question: What is the corresponding model structure actually “modeling”? We see
in Section 6 that this is a model for Murfet’s mock homotopy category of projectives,
from [Mur07]. Similarly, we can find model structures on the entire chain complex
category, Ch(R), that model such categories as K(Inj), the chain homotopy cat-
egory of all complexes with injective components. The reader can skip right away
to Section 5 to learn more about these and other examples.
4.2. The triangulated structure on Ho(M). An important feature of hered-
itary abelian model structures is that Ho(M) is always a triangulated category,
in the sense of Verdier, in the case that M is hereditary. Standard examples of
triangulated categories include K(R) and D(R) but also St(R), the stable mod-
ule category of a Gorenstein ring (Section 3.2). It is fair to think of triangulated
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categories as additive categories which are not quite abelian, but which have “ex-
act triangles” substituting for short exact sequences. The standard references in-
clude [Wei94, Nee01]. A further discussion of triangulated categories would lead
us astray. Therefore, the author assumes here that the reader has some familiarity
with triangulated categories, but would like to learn the connection to hereditary
abelian model structures.
The easiest example of a triangulated category is probably the stable category
St(F) of a Frobenius category F . This construction is due to Happel [Hap88].
Definition 4. A Frobenius category is an exact category in the sense of [Qui73],
that has enough projectives and enough injectives, but such that the projective objects
coincide with the injective objects.
Two common examples of Frobenius categories are k[G]-Mod, where k is a field
and G is a finite group, and Ch(R)dw, the category of chain complexes with the
degreewise split short exact sequences. Applying the following construction to
these two examples lead, respectively, to St(k[G]) from Section 3.2, and to K(R),
the usual chain homotopy category of complexes.
Construction 5. We now review Happel’s construction of the triangulated category
St(F), the stable category of a Frobenius category F . We let ω denote the class
of projective-injective objects. The objects of St(F) are the same as those in F .
The morphisms are HomSt(F)(X,Y ) = HomF (X,Y )/ ∼ where f ∼ g if and only if
g− f factors through an object of ω. Now given X ∈ F , the shift functor X 7→ ΣX
is computed by taking any admissible short exact sequence 0 −→ X −→W −→ ΣX −→ 0
with W ∈ ω. Any two choices of short exact sequences lead to canonically equivalent
objects in St(F). We now define exact triangles as follows: Given any short exact
sequence 0 −→ X
f
−→ Y −→ Z −→ 0, we form the pushout diagram below.
0 0y
y
0 −−−−→ X
f
−−−−→ Y −−−−→ Z −−−−→ 0y
y
∥∥∥
0 −−−−→ W −−−−→ Cf −−−−→ Z −−−−→ 0y
y
ΣX ΣXy
y
0 0
By definition, X
f
−→ Y −→ Cf −→ ΣX is a standard exact triangle, and we call Cf the
cone on f . Then, again by definition, a sequence of morphisms A −→ B −→ C −→ ΣA
is an exact triangle if it is isomorphic in St(F) to a standard exact triangle. This
gives St(F) the structure of a triangulated category by [Hap88, Theorem 2.6].
The following proposition is the key reason why Ho(M) turns out to be trian-
gulated when M is hereditary.
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Proposition 4.2. Let M = (Q,W ,R) be an hereditary abelian model structure.
Then the full subcategory Q∩R, along with the collection of short exact sequences
with all three terms in Q ∩ R, is a Frobenius category. The projective-injective
objects are precisely those in the core ω = Q∩W ∩R.
Proof. This observation was first made in [Gil11], but it is so easy that we will
reprove it here to make it transparent. First, any strictly full subcategory S of an
abelian category A, in which S is closed under extensions, naturally inherits an
exact structure from A. It consists of the usual short exact sequences but with
all three terms in S. Since Q ∩ R is closed under extensions it inherits this exact
structure. Second, we see that if 0 −→ X −→ Y −→ Z −→ 0 is a short exact sequence
with X,Y, Z ∈ Q ∩ R, then it will split if either X or Z is in ω, since this would
imply Ext1A(Z,X) = 0. So everything in ω is both injective and projective with
respect to the inherited exact structure on Q∩R. On the other hand, say I ∈ Q∩R
is injective with respect to the exact structure. Using the complete cotorsion pair
(Q,W ∩R), write a short exact sequence 0 −→ I −→W −→ Q −→ 0 with W ∈ W ∩R
and Q ∈ Q. Since the model structure is hereditary, Q ∈ Q ∩ R. Also note that
W ∈ ω. So we have an admissible short exact sequence, which must split by the
hypothesis on I. We infer I ∈ ω, since ω is closed under direct summands. Hence
all injective objects of Q ∩ R are in ω. Performing the same argument as the
above for an arbitrary X ∈ Q ∩ R (in place of I) shows that Q ∩ R has enough
injectives. Finally, a similar argument with the cotorsion pair (Q ∩ W ,R) shows
that all projectives are in ω, and that Q∩R has enough projectives. 
The above proposition along with the Fundamental Theorem 2.6 (i) indicate
that Ho(M) is a triangulated category whenever M is hereditary. Hanno Becker
made this precise in an appendix of his PhD thesis [Bec15]. His work shows that
Happel’s Construction 5 above has a natural generalization as follows. For any
X ∈ A, the shift functor X 7→ ΣX may be computed by taking any short exact
sequence 0 −→ X −→ W −→ ΣX −→ 0 with W ∈ W . Again, any two choices of
short exact sequences lead to canonically equivalent objects in Ho(M). Then we
can define standard exact triangles and exact triangles, analogous to the method
from Happel’s Construction 5. This will give Ho(M) the structure of a triangulated
category. We get the following result.
Theorem 4.3. Let M = (Q,W ,R) be an hereditary model structure on A. Then
the inclusion (Q ∩ R)/ ∼ →֒ Ho(M), induced by the inclusion of the Frobenius
category Q∩R into A, is a triangle equivalence. Its inverse is bifibrant replacement.
Proof. We already know that the inclusion of categories is an equivalence from the
Fundamental Theorem 2.6 (i). The key point is to see why the inverse, bifibrant re-
placement, is triangle preserving. This follows from Becker’s “Resolution Lemma”,
[Bec14, Lemma 1.4.4 and its dual]. Indeed applying that lemma will show that any
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pushout diagram of the form
0 0y
y
0 −−−−→ X
f
−−−−→ Y −−−−→ Z −−−−→ 0y
y
∥∥∥
0 −−−−→ W −−−−→ Cf −−−−→ Z −−−−→ 0y
y
ΣX ΣXy
y
0 0
is sent to another pushout diagram of this form when taking cofibrant and fibrant
replacements as in Lemma 2.5. It means that standard exact triangles (and hence
all exact triangles) of Ho(M), are sent to standard exact triangles (resp. exact
triangles) when performing a bifibrant replacement. 
5. Model structures for derived categories
In the last section we saw how hereditary cotorsion pairs are connected to the
construction of triangulated categories. The most important example of a trian-
gulated category is probably the derived category of a ring or scheme. We now
describe how complete hereditary cotorsion pairs give rise to model structures for
derived categories.
We start with a general lemma which has not explicitly appeared in the literature.
It is useful because it shows that the formal homotopy relation coming from a
model structure on chain complexes, will typically coincide with the usual notion
of chain homotopic maps. Recall that two chain maps f, g : X −→ Y , between
chain complexes X and Y , are chain homotopic if there exists a collection of maps
{sn : Xn −→ Yn+1}, for which gn − fn = dn+1sn + sn−1dn.
Lemma 5.1. Let A be an abelian category. Assume (Q,W ,R) is a Hovey triple in
Ch(A), the category of chain complexes, and that its core Q∩W∩R is closed under
suspensions (that is, shifts). Then each W ∈ Q∩W ∩R is contractible. Moreover,
if W contains all contractible complexes, then we have
Ho(Ch(A))(X,Y ) ∼= HomCh(A)(QX,RY )/ ∼
where ∼ is the usual chain homotopy relation. In this case we also note that
Ho(Ch(A))(X,Y ) ∼= K(Q∩R),
where K(Q ∩ R) denotes the full subcategory of K(R) consisting of all complexes
in Q ∩R.
Proof. To say W is contractible is to say that the identity map 1W is null homo-
topic, or in other words, 1W is chain homotopic to 0. Our assumptions imply that
Ext1Ch(A)(ΣW,W ) = 0. By a “well known” fact, for example see Lemma [Gil04,
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Lemma 2.1], this implies all maps W −→ W are null homotopic. In particular, 1W
is null homotopic.
By the Fundamental Theorem 2.6 (iii) we know
Ho(Ch(A))(X,Y ) ∼= HomCh(A)(QX,RY )/ ∼
where f ∼ g if and only if g − f factors through some W ∈ Q ∩ W ∩ R. Since
W is contractible, this implies g − f is null homotopic; for example, see [Gil15a,
Corollary 3.5]. Conversely, say g−f is null homotopic, or equivalently, that it factors
through some contractible complex C. Write a short exact sequence 0 −→ R′ −→
Q′ −→ C −→ 0 withQ′ ∈ Q andR′ ∈ R∩W . IfW contains all contractible complexes,
then C ∈ W . Hence Q′ ∈ Q∩W . Now in the factorization g−f : QX
α
−→ C
β
−→ RY
we have that α must lift over Q′ ∈ Q ∩ W , since Ext1(QX,R′) = 0. This shows
that g − f factors through an object of Q ∩W and hence f is formally homotopic
to g by [Gil11, Prop. 4.4].
The last statement is then a restatement of the Fundamental Theorem 2.6 (i). 
5.1. Models for the derived category. In addition to the projective and in-
jective model structures on Ch(R), from Section 3.1, there is an abundance of
ways to model the derived category D(R). The ideas go back to [Gil04, Gil08],
where given a cotorsion pair (X ,Y) in R-Mod, various methods for lifting them
to Ch(R) were given. In particular, based on the definitions of DG-injective and
DG-projective complexes from Section 3.1 the following notation was introduced
in [Gil04, Def. 3.3].
Notation 5.2. For a given cotorsion pair (X ,Y) in R-Mod we define the following
classes of chain complexes in Ch(R).
(1) X˜ denotes the class of all exact chain complexes X with cycles ZnX ∈ X .
(2) Y˜ denotes the class of all exact chain complexes Y with cycles ZnY ∈ Y.
(3) dgX˜ denotes the class of all chain complexes X with components Xn ∈ X
and such that all chain maps X −→ Y are null homotopic whenever Y ∈ Y˜.
(4) dgY˜ denotes the class of all chain complexes Y with components Yn ∈ Y
and such that all chain maps X −→ Y are null homotopic whenever X ∈ X˜ .
Note that X is closed under extensions and so for any X ∈ X˜ we have each com-
ponent Xn ∈ X too. Similarly, all Yn ∈ Y whenever Y ∈ Y˜.
In particular, starting with the canonical projective cotorsion pair (P ,A) in
R-Mod, the class P˜ turns out to equal the class of categorically projective chain
complexes. They are the split exact complexes with projective components. The
class dgP˜ is precisely the class of DG-projective complexes. The analogous facts
also hold for lifting the canonical injective cotorsion pair (A, I).
Now as noted in Section 3.1, to model the derived category D(R) one seeks an
abelian model structure on Ch(R) with the exact chain complexes as the trivial
objects. We let E denote the (thick) class of all exact chain complexes. We ask
what are the precise conditions one needs to impose on (X ,Y) to get a Hovey
triple M(X ,Y) = (dgX˜ , E , dgY˜). It was shown in [Gil04, Section 3] that we do
have cotorsion pairs (dgX˜ , Y˜) and (X˜ , dgY˜). Moreover, these cotorsion pairs are
hereditary if and only if (X ,Y) is hereditary, which in turn is equivalent to each of
the desired equalities X˜ = dgX˜ ∩E and Y˜ = E∩dgY˜ . ThusM(X ,Y) = (dgX˜ , E , dgY˜)
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is a Hovey triple if and only if the two associated cotorsion pairs are complete. This
last question has been approached using Theorem 2.1, not just in Ch(R), but in
the context of Grothendieck categories, in [Gil04, Gil06, Gil07] and [Sto13]. But
perhaps the most satisfying solution came in [YL11] and [YD14]. In the first, it
is proved directly that the cotorsion pairs (dgX˜ , Y˜) and (X˜ , dgY˜) are complete
whenever (X ,Y) is a complete hereditary cotorsion pair. This was then generalized
to bicomplete abelian categories in [YD14], giving the following result.
Theorem 5.3 (Models for Derived Categories). Let A be a bicomplete abelian
category. Then M(X ,Y) = (dgX˜ , E , dgY˜) is a Hovey triple if and only if (X ,Y) is
a complete hereditary cotorsion pair in A. In this case M(X ,Y) is also hereditary
and Ho(M(X ,Y)) ∼= D(A).
The original motive for Theorem 5.3 was for the construction of the flat model
structure on chain complexes of (quasi-coherent) sheaves [Gil07]. We saw in Sec-
tion 3.1 that the projective model structure formalizes the fact that ExtnR can be
computed with projective resolutions while the injective model structure corre-
sponds to its computation with injective resolutions. On the other hand, it is well
known that TorRn , the derived tensor product, can be computed with projective
resolutions but NOT with injectives. From the abelian model category point of
view, this corresponds to the fact that the projective model is monoidal while the
injective model is not. Loosely speaking, a model structure on a category with a
tensor product is monoidal if the model structure is compatible with that tensor
product. In this case, the main consequence is that the tensor product descends to
a derived tensor product on the homotopy category which can then be computed
with cofibrant replacement; see [Hov99, Chapter 4] and [Hov02, Section 7]. Now
the category Qco(X), of quasi-coherent sheaves on a scheme X , rarely has enough
projectives. So the projective model structure for D(X) need not exist. Since
Qco(X) is a Grothendieck category, the injective model structure does exist, but
again it is not monoidal. This leaves a distressing gap in approaching the derived
category from the model category perspective. To solve the problem one turns,
not surprisingly, to flat sheaves. A famous result in relative homological algebra
is that Enochs’ flat cotorsion pair (F , C) in R-Mod is complete (and hereditary).
Applying Theorem 5.3 to it gives rise to a Hovey triple (dgF˜ , E , dgC˜) in Ch(R). The
model structure was shown to be monoidal in [Gil04] and it was extended to chain
complexes of sheaves and quasi-coherent sheaves in [Gil06, Gil07]. One benefit of
having this monoidal model structure is that it follows at once that the triangulated
structure on the homotopy category D(X) is strongly compatible with the derived
tensor product; see [May].
Finally, we point out that there are even more model structures for D(R) than
just the ones coming from Theorem 5.3. Given any cotorsion pair (X ,Y) in R-Mod,
assumed to be cogenerated by a set S, it lifts to two “degreewise” model structures
for the derived category; see [Gil08]. To illustrate, Baer’s criterion implies that the
categorical injective cotorsion pair (A, I) is cogenerated by the set {R/I} where I
ranges through all (left) ideals of R. It lifts to the degreewise injective cotorsion pair
on Ch(R). It is represented by the Hovey triple (⊥(dwI˜ ∩ E), E , dwI˜), where dwI˜
denotes the class of all complexes I with each In injective; see [Gil08, Section 4.1].
Becker shows in [Bec14] that this model structure is the right Bousfield localization
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of the Inj model structure of Proposition 6.2 by the exact Inj model structure of
Proposition 7.1.
6. Models for the coderived and contraderived categories
Two particular localizations of K(R), called the coderived and contraderived
categories of a ring R, were introduced by Positselski in [Pos11]. If R has finite
global dimension then they each coincide with the usual derived category D(R).
But for a general ring R, they are different and each contain D(R). In this section
we give brief constructions of these categories in terms of abelian model structures
recently appearing in [Pos11, Bra11, BGH13, Bec14, Bec15, Sto14, Gil14]. We will
use the following notation.
Notation 6.1. Let C denote a given class of R-modules, or objects in some other
abelian category. We set the following notation for the two classes of chain com-
plexes below.
(1) dwC˜ denotes the class of all chain complexes X with components Xn ∈ C.
(2) exC˜ denotes the class of all exact chain complexes X with components Xn ∈
C.
The dw is meant to indicate that the complexes are “degreewise” in C, while the ex
is meant to emphasize that the complexes are “exact” and degreewise in C.
6.1. The coderived category. The canonical injective cotorsion pair (A, I) in
R-Mod can easily be shown to lift to a complete cotorsion pair (Wco, dwI˜) in
Ch(R). Indeed one lets S = {Dn(R/I)}n∈Z as I ranges through all (left) ideals
of R. It cogenerates a complete cotorsion pair by Theorem 2.1 which turns out
to be (Wco, dwI˜); see [Gil08, Prop. 4.4]. As in Notation 6.1, dwI˜ is the class
of all degreewise injective complexes. The class Wco consists of all complexes W
such that W −→ I is null homotopic whenever I ∈ dwI˜ . Following Positselski,
such complexes are called coacyclic. All contractible complexes are coacyclic, and
all coacyclic complexes are exact. But for general rings, an exact complex need
not be coacyclic. Still, the class Wco is thick, and in analogy to the usual derived
category, one obtains the coderived category by killing the coacyclic complexes. The
cotorsion pair (Wco, dwI˜) is an injective cotorsion pair, meaning it determines an
abelian model structure on Ch(R) in which all objects are cofibrant. The following
proposition sums all this up.
Proposition 6.2. The triple Minjco = (All,Wco, dwI˜) is an hereditary abelian
model structure on Ch(R). Its homotopy category, Ho(Minjco ), is called the coderived
category and it is equivalent to K(Inj), the chain homotopy category of all com-
plexes of injectives. That is, Ho(Minjco )
∼= K(Inj).
Proof. This model was constructed in [BGH13, Cor. 4.4] where it was called the
Inj model structure and independently in [Bec14, Prop. 1.3.6] where it was
called the coderived model structure. It generalizes to Grothendieck cate-
gories; see [Sto14] and [Gil15c]. The fact that Ho(Minjco )
∼= K(Inj) follows from
Lemma 5.1. 
Stovicek has found an alternate model structure for the coderived category and
uses it to show that K(Inj) is compactly generated whenever R is coherent. This
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comes from [Sto14]. To describe it, let A be the class of absolutely pure, or FP-
injective modules. By definition, such modules A satisfy Ext1R(F,A) = 0 for all
finitely presented F . By Theorem 2.1, the set of (isomorphism representatives
of) all finitely presented modules cogenerates a complete cotorsion pair (C,A).
Stovicek shows it to be hereditary if and only if R is coherent. It lifts to two
complete hereditary cotorsion pairs (⊥dwA˜, dwA˜) and (dgC˜, A˜), by [Gil04, Gil08].
It is not difficult to argue that these two cotorsion pairs have the same core. It is
the class of contractible complexes with components in C ∩ A. Thus Theorem 4.1
immediately produces a model structure M = (dgC˜,W , dwA˜) on Ch(R). It is not
clear from Theorem 4.1 exactly which complexes are in W . But Stovicek proves
that W =Wco, yielding the following theorem.
Theorem 6.3 ([Sto14], Theorem 6.12). Let R be any coherent ring. Then Mabsco =
(dgC˜,Wco, dwA˜) is an hereditary abelian model structure on Ch(R). Again, Wco is
exactly the class of coacyclic complexes. Consequently, we have a triangle equiva-
lence Ho(Mabsco )
∼= K(Inj).
Critical to completing the proof of Theorem 6.3 is showing thatWco∩dwA˜ = A˜.
This can be viewed as the dual of an important result of Neeman that we will see
shortly, just below. Stovicek’s proof of this depends on a deeper understanding of
pure exact complexes and utilizes a correspondence, due to Crawley-Boevey [Cra94],
between pure exact complexes and categorically flat complexes. We refer the reader
to [Sto14, Prop. 6.11] for details.
The main advantage to the model structure in Theorem 6.3 is that it makes
clear why K(Inj) is compactly generated. The point is that the set of all spheres
Sn(F ), where F ranges through (a set of isomorphism representatives of) finitely
presented modules, is a set of compact weak generators for Ho(Mabsco ). It means
that (i) Each functor HomHo(Mabsco )(S
n(F ),−) preserves coproducts, and, (ii) If
HomHo(Mabsco )(S
n(F ), X) = 0 for each Sn(F ), then X ∈ Wco.
Corollary 6.4. Let R be a coherent ring. Then Ho(Mabsco ) is compactly generated
by the set {Sn(F )}, as F ranges through (a set of isomorphism representatives of)
the finitely presented modules. Consequently, K(Inj) is also compactly generated.
We point out that the above results hold in the general setting of a locally coher-
ent Grothendieck category. Again, see [Sto14]. The fact that K(Inj) is compactly
generated when R is Noetherian has been known since [Kra05].
6.2. The contraderived category. On the other hand, the canonical projective
cotorsion pair (P ,A) in R-Mod lifts to a complete cotorsion pair (dwP˜ ,Wctr) in
Ch(R). Following Notation 6.1, dwP˜ is the class of all degreewise projective com-
plexes and the complexes in Wctr have been called contraacyclic. The class Wctr
is also thick, and killing the contraacyclic complexes produces the contraderived
category. This time, the cotorsion pair (dwP˜ ,Wctr) is a projective cotorsion pair,
giving rise to a model structure in which all complexes are fibrant, as follows.
Proposition 6.5. The triple Mprojctr = (dwP˜ ,Wctr, All) is an hereditary abelian
model structure on Ch(R). Its homotopy category, Ho(Mctr), is called the con-
traderived category and it is equivalent to K(Proj), the chain homotopy category
of all complexes of projectives. That is, Ho(Mprojctr )
∼= K(Proj).
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Proof. Again, this model was constructed in [BGH13, Cor. 6.4] where it was called
the Proj model structure and independently in [Bec14, Prop. 1.3.6] where it was
called the contraderived model structure. 
Unlike the above model W injco , for K(Inj), the projective model M
proj
ctr does
not generalize to all Grothendieck categories. The problem again is that a general
Grothendieck category need not have enough projectives. However, the original
inspiration for Grothendieck categories was a general framework for working with
categories of (quasi-coherent) sheaves. Such categories typically have a generating
set consisting of flat sheaves, or equivalently, they “have enough flat sheaves”. With
this in mind, Neeman showed in [Nee08] that K(Proj) is equivalent to D(Flat), the
derived category of all flat modules. By definition, this turns out to be the Verdier
quotient of K(Flat), the chain homotopy category of all complexes with flat com-
ponents, by F˜ . As in Notation 6.1, F˜ is the thick subcategory consisting of all exact
complexes F with each cycle ZnF flat. The complexes in F˜ are categorically flat
in Ch(R); they are direct limits of finitely generated projective complexes [EG98].
This construction of D(Flat) = K(Flat)/F˜ extends to quasi-coherent sheaf cate-
gories. The main motivation for this is that D(Flat) replaces K(Proj) and plays a
key role in an extension of the classical Grothendieck duality theory. The details of
this are nicely explained in the Introduction to Daniel Murfet’s PhD thesis [Mur07],
and the full details carried out throughout the thesis.
From the abelian model category point of view, this all suggests that there ought
to be an abelian model structure on Ch(R) whose homotopy category is equivalent
to D(Flat) = K(Flat)/F˜ . This was carried out in [Gil14]. The construction is dual
to the construction of the model in Theorem 6.3. In detail, letting (F , C) denote
Enochs’ flat cotorsion pair, (dwF˜ , dwF˜⊥) and (F˜ , dgC˜) are each complete heredi-
tary cotorsion pairs. See [Gil04, Gil08]. One argues that each has the same core -
the contractible complexes with components in F ∩ C. Theorem 4.1 immediately
gives a model structure M = (dwF˜ ,W , dgC˜). But the key is a nontrivial result of
Neeman from [Nee08]. In Notation 6.1, it states that dwF˜ ∩ Wctr = F˜ , and this
implies W =Wctr. It proves the following theorem.
Theorem 6.6 ([Gil14], Corollary 4.1). Let R be any ring. Then there is an hered-
itary abelian model structureMflatctr = (dwF˜ ,Wctr, dgC˜) where Wctr is precisely the
class of contraacyclic complexes. Consequently, Ho(Mflatctr )
∼= K(Proj) ∼= D(Flat).
There are some notable things that follow from the model category approach to
D(Flat). First, the theorem lifts the Neeman-Murfet homotopy category D(Flat),
from a localization of chain complexes with flat components, to a localization of
the entire chain complex category! Second, it provides a definition of contraacyclic
complexes, even in the absence of projective objects. Indeed a generalization of
Theorem 6.6 holds universally, with the only assumption on the scheme X being
that the category of quasi-coherent sheaves has a flat generator. See [Gil14] for full
details.
The author does not claim that the model category approach makes everything
more transparent. For example, these model structures make it no more obvious
that K(Proj) is a compactly generated category whenever R is coherent. But this
was shown to be true by Jørgensen in [Jør05b], Neeman in [Nee08], and for the
sheaf case, by Murfet in [Mur07].
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7. Models for the stable derived categories
We can view the category K(Inj) as being obtained from the derived category
D(R) via an attachment, or recollement, with another category called the (injective)
stable derived category. This line of thought was introduced by Krause in [Kra05].
Similarly, K(Proj) is obtained from D(R) by a recollement with the projective sta-
ble derived category. In this section we describe the stable derived categories using
abelian model structures. We give a model category description of the recollements
in Section 8.
7.1. The injective stable derived category. Again, we let R be a general ring.
Its injective stable derived category, which we will denote Kex(Inj), is the full sub-
category of K(Inj) consisting of all exact complexes. It was introduced by Krause
in [Kra05] in the context of a locally noetherian Grothendieck category with com-
pactly generated derived category. Certainly R-Mod is such a category whenever
R is a Noetherian ring, and Krause showed Kex(Inj) to be a compactly generated
triangulated category in this case. Moreover, he shows that the subcategory of
compact objects of Kex(Inj) is up to direct summands equivalent to the singular-
ity category Db(R-mod)/D(R)c. By definition, this is the Verdier quotient of the
bounded derived category of finitely generated R-modules by the subcategory of
compact objects in D(R), which are the so-called perfect complexes. Further details
on this geometric motivation can be found in [Kra05, Bec14, Sto14]. Our focus here
is on describing how Kex(Inj) can be recovered as the homotopy category of some
hereditary abelian model structures.
An injective model structure for Kex(Inj) was constructed by Daniel Bravo
in [Bra11] and independently by Hanno Becker in [Bec14]. It also appears in [BGH13].
It can be described quite simply by the single cotorsion pair (Vinj, exI˜), where fol-
lowing Notation 6.1, exI˜ is the class of all exact complexes with injective com-
ponents. This cotorsion pair goes back to [Gil08, Prop. 4.6/Sec. 4.1], where it is
shown that (Vinj, exI˜) is cogenerated by the set {S
n(R)} ∪ {Dn(R/I)} where I
ranges through all (left) ideals of R. In light of Theorem 2.1 this shows the cotor-
sion pair to be complete, however, it is not shown there that Vinj is thick and that
Vinj ∩ exI˜ coincides with the class of all categorically injective complexes. This is
made clear in each of [Bra11, Bec14, BGH13] and proves the following result.
Proposition 7.1. The tripleMinjstb = (All,Vinj, exI˜) is an hereditary abelian model
structure on Ch(R), called the exact Inj model structure. We call its homotopy
category, Ho(Minjstb ), the injective stable derived category as it is equivalent to
Kex(Inj), the chain homotopy category of all exact complexes of injectives. That
is, Ho(Minjstb )
∼= Kex(Inj).
Using this model structure one can deduce that the set of all spheres Sn(F ),
where F ranges through (a set of isomorphism representatives of) finitely gener-
ated modules, is a set of compact weak generators for Ho(Minjstb ) in the case R is
Noetherian. However, for coherent rings that are not Noetherian we need an alter-
nate model structure for Kex(Inj), one based on the absolutely pure modules, to
reach this conclusion. With this in mind, recall from Section 6 that we have the
complete cotorsion pair (C,A) where A are the absolutely pure modules. It is hered-
itary if and only if R is coherent. In this case, we obtain an hereditary complete
20 JAMES GILLESPIE
cotorsion pair (⊥exA˜, exA˜), by [Gil08]. Applying Theorem 4.1 to (⊥exA˜, exA˜) and
(dgC˜, A˜) leads to the following model structure.
Theorem 7.2. Let R be a coherent ring. Then Mabsstb = (dgC˜,Vinj, exA˜) is an
hereditary abelian model structure on Ch(R). The class Vinj is exactly the same class
as in Proposition 7.1. Consequently, we have a triangle equivalence Ho(Mabsstb )
∼=
Kex(Inj).
Using Theorem 7.2 one can show thatKex(Inj) is compactly generated whenever
R is coherent. Again, it is the set of all spheres Sn(F ), where F ranges through (a
set of isomorphism representatives of) finitely presented modules, that provides a
set of compact weak generators for Ho(Minjstb ).
7.2. The projective stable derived category. Dual to the injective stable de-
rived category, is the projective stable derived category Kex(Proj). It is the full
subcategory of K(Proj) consisting of all exact complexes of projectives. Let-
ting exP˜ denote the class of all exact complexes of projectives, it is shown in
both [BGH13] and [Bec14] that we have an hereditary cotorsion pair (exP˜ ,Vprj).
The class Vprj is thick and exP˜ ∩ Vprj coincides with the class of all categorically
projective complexes. This proves the following result.
Proposition 7.3. The triple Mprojstb = (exP˜ ,Vprj, All) is an hereditary abelian
model structure on Ch(R), we call the exact Proj model structure. We call its
homotopy category, Ho(Mprojstb ), the projective stable derived category and it
is equivalent to Kex(Proj), the chain homotopy category of all exact complexes of
projectives. That is, Ho(Mprojstb )
∼= Kex(Proj).
The geometric significance of Kex(Proj) is explained quite well in the Introduc-
tion to Murfet’s thesis [Mur07]. Recall from Section 6 that K(Proj) ∼= D(Flat) =
K(Flat)/F˜. Murfet showed that the full subcategory of D(Flat) consisting of the
exact complexes plays the roll of Kex(Proj) for non-affine schemes. To obtain
this category as the homotopy category of an abelian model structure we again let
(F , C) denote Enochs’ flat cotorsion pair. Then by [Gil08] it lifts to two hereditary
complete cotorsion pairs (exF˜ , exF˜⊥) and (F˜ , dgC˜). Theorem 4.1 applies yet again
and immediately gives a model structure M = (exF˜ ,V , dgC˜). One argues again
that V = Vprj in the affine case, and this proves the following theorem.
Theorem 7.4. Let R be any ring. Then there is an hereditary abelian model
structure Mflatstb = (exF˜ ,Vprj, dgC˜) where Vprj is the same class of trivial objects as
in Proposition 7.3. Consequently, Ho(Mflatstb )
∼= Kex(Proj).
Again, the point is that Theorem 7.4 extends from the category of chain com-
plexes of R-modules to the category of chain complexes of quasi-coherent sheaves.
We only need to assume that the category Qco(X), of quasi-coherent sheaves on a
scheme X , has a flat generator. We refer the reader to [Gil14] for full details.
8. Abelian model categories and recollements
A recollement is an “attachment” or “gluing” of two triangulated categories.
They were introduced in [BBD82] and are now part of the lore of algebraic geom-
etry and the theory of triangulated categories. Recall from Section 4.2 that the
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homotopy category of an hereditary abelian model structure is indeed a triangu-
lated category. In [Bec14], Becker indicates how to obtain recollements via abelian
model categories. This line of thought was pursued in much more detail by the
current author. In this section we describe a main theorem which outputs a recolle-
ment from three interrelated hereditary Hovey triples. We then use it to recover the
injective recollement of [Kra05, Bec14, Sto14] and the dual projective recollement
of [Jør05b, Nee08, Mur07]. Loosely speaking, the projective recollement shows that
the contraderived category is obtained by “gluing” the usual derived category to
the projective stable derived category. The model category approach described here
has been distilled from [Bec14, Gil12, Gil13, Gil14].
8.1. Definition of recollement. We start with the definition of a recollement.
Here we follow the definition from [Kra05] which is based on localization and colo-
calization sequences.
Definition 6. Let T ′
F
−→ T
G
−→ T ′′ be a sequence of exact functors between trian-
gulated categories. We say it is a localization sequence when there exists right
adjoints Fρ and Gρ giving a diagram of functors as below with the listed properties.
T ′ T T ′′
F
Fρ
G
Gρ
(1) The right adjoint Fρ of F satisfies Fρ ◦ F ∼= idT ′ .
(2) The right adjoint Gρ of G satisfies G ◦Gρ ∼= idT ′′ .
(3) For any object X ∈ T , we have GX = 0 iff X ∼= FX ′ for some X ′ ∈ T ′.
A colocalization sequence is the dual. That is, there must exist left adjoints Fλ
and Gλ with the analogous properties.
One may think of a localization sequence as a sequence of left adjoints which
“splits” at the level of triangulated categories. See [Kra10, Section 3] for the first
properties of localization sequences which reflect this statement. Similarly, a colo-
calization sequence is a sequence of right adjoints with this property. It is true
that if T ′
F
−→ T
G
−→ T ′′ is a localization sequence then T ′′
Gρ
−−→ T
Fρ
−−→ T ′ is a
colocalization sequence and if T ′
F
−→ T
G
−→ T ′′ is a colocalization sequence then
T ′′
Gλ−−→ T
Fλ−−→ T ′ is a localization sequence. This brings us to the definition of
a recollement where the sequence of functors T ′
F
−→ T
G
−→ T ′′ is a localization
sequence “glued” to a colocalization sequence.
Definition 7. Let T ′
F
−→ T
G
−→ T ′′ be a sequence of exact functors between trian-
gulated categories. We say T ′
F
−→ T
G
−→ T ′′ induces a recollement if it is both a
localization sequence and a colocalization sequence as shown in the picture.
T ′ T T ′′
F //
Fρ
^^
Fλ
   G //
Gρ
^^
Gλ
  
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8.2. Recollements from abelian model structures. We now let A be any
abelian category and assume M = (Q,W ,R) is a Hovey triple. To describe the
main theorem we will need to introduce some notation. We will denote the two
associated cotorsion pairs above by (Q˜,R) and (Q, R˜). Note that there are four
approximation sequences associated toM. In particular, using enough injectives of
(Q˜,R) corresponds to the fibrant replacement functor denoted byR; see Lemma 2.5.
On the other hand, using enough projectives of (Q, R˜) corresponds to the cofibrant
replacement functor which we denote byQ. However, by using enough projectives of
(Q˜,R) we also get a functor which we denote by Q˜ and by using enough injectives of
(Q, R˜) we get a functor we denote by R˜. When we encounter multiple abelian model
structures we use subscripts such as M1,M2,M3 and denote these associated
functors with notations such as R3, Q˜1, R˜2 etc.
Finally, for an abelian model structure M = (Q,W ,R) on A, we let γ : A −→
Ho(M) denote the canonical localization functor of Theorem 2.6. It takes weak
equivalences to isomorphisms and is universally initial with respect to functors
with this property. Using this we obtain the following lemma which is the last
thing needed to state the main result.
Lemma 8.1. Let A be any abelian category. Assume M = (Q,W ,R) and M′ =
(Q,W ′,R′) are Hovey triples with the same cofibrant objects. If R′ ⊆ R, then we
have a canonical quotient functor γ¯ : Ho(M) −→ Ho(M′) for which γ′ = γ¯ ◦ γ.
Proof. First we will show that W ⊆ W ′. Indeed since R′ ⊆ R, we have a contain-
ment of trivially cofibrant objects Q∩W ⊆ Q∩W ′. Similarly, since the two model
structures share the same cofibrant objects we have equality of trivially fibrant ob-
jectsW∩R =W ′∩R′. Now let W ∈ W . We need to see whyW ∈ W ′. We write a
short exact sequence 0 −→W ′ −→ C −→W −→ 0 with C ∈ Q andW ′ ∈ W ′∩R′. Then
W ′ must also be in W , and since W is thick, we see that C ∈ Q ∩W ⊆ Q ∩W ′.
Since W ′ is also thick we get W ∈ W ′.
Now by Proposition 2.3, a map is a weak equivalence if and only if it factors
as a monomorphism with trivial cokernel followed by an epimorphism with trivial
kernel. So since W ⊆ W ′, the localization functor γ′ : A −→ Ho(M′) sends weak
equivalences in M to isomorphisms. So the universal property of γ guarantees the
unique functor γ¯ : Ho(M) −→ Ho(M′) for which γ′ = γ¯ ◦ γ.

We now state the main result.
Theorem 8.2 (Right Recollement Theorem). Let A be an abelian category with
three hereditary model structures, as below, whose cores all coincide:
M1 = (Q,W1,R1), M2 = (Q,W2,R2), M3 = (Q,W3,R3).
If W3 ∩ R1 = R2 and R3 ⊆ R1, then the sequence Ho(M2)
R2−−→ Ho(M1)
γ¯
−→
Ho(M3) induces a recollement:
Ho(M2) Ho(M1) Ho(M3)
Q1
R2
Q˜3 ◦R1
Q˜2
γ¯
R3
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Here, the functor γ¯ is the quotient functor of Lemma 8.1.
We refer the reader to [Gil14, Section 3] for a detailed proof of Theorem 8.2. The
main idea is that the containmentR2 ⊆ R1 produces the colocalization sequence on
the top of the diagram, while the containment R3 ⊆ R1 produces the localization
sequence on the bottom of the diagram. The equality W3 ∩R1 = R2 provides the
“glue”. The proof is entirely (model) categorical. So there is an equally useful dual
which we also state.
Theorem 8.3 (Left Recollement Theorem). Let A be an abelian category with three
hereditary model structures, as below, whose cores all coincide:
M1 = (Q1,W1,R), M2 = (Q2,W2,R), M3 = (Q3,W3,R).
IfW3∩Q1 = Q2 and Q3 ⊆ Q1, then the sequence Ho(M2)
Q2
−−→ Ho(M1)
γ¯
−→ Ho(M3)
induces a recollement:
Ho(M2) Ho(M1) Ho(M3)
R˜3 ◦Q1
Q2
R1
Q3
γ¯
R˜2
Here, the functor γ¯ is the quotient functor of (the dual of) Lemma 8.1.
8.3. The recollements of Krause and Neeman-Murfet. As applications of
Theorems 8.2 and 8.3 we give model category interpretations of the recollements of
Krause, from [Kra05], and the duals of Neeman and Murfet, from [Nee08, Mur07].
Corollary 8.4 (Krause’s recollement: [Sto14], Theorem 7.7). Assume R is a coher-
ent ring. Recall we have the following three model structures coming, respectively,
from Theorem 6.3, Theorem 7.2, and an application of Theorem 5.3:
Mabsco = (dgC˜,Wco, dwA˜), M
abs
stb = (dgC˜,Vinj, exA˜), M
abs
der = (dgC˜, E , dgA˜).
Then they induce a recollement of compactly generated triangulated categories:
Ho(Mabsstb ) Ho(M
abs
co ) Ho(M
abs
der)
//
oo
oo
//
oo
oo
.
Proof. It follows immediately from Theorem 8.2 since clearly E ∩ dwA˜ = exA˜. 
The above recollement comes from “lifting” the absolutely pure cotorsion pair
(C,A), which we recall is hereditary if and only if R is coherent. For non-coherent
rings we can even substitute for the absolutely pure modules the so called absolutely
clean modules of Section 9; we refer the interested reader to [Gil15c]. We should
also note that the model structures and recollements of Corollary 8.4 hold for quite
general Grothendieck categories. Again, see [Sto14, Gil15c].
On the other hand, we have the recollement of Neeman-Murfet. It relates
the usual derived category to the projective stable derived category and the con-
traderived category. With the proper model structures already in place, we recover
it from another easy application of the Left Recollement Theorem 8.3.
Corollary 8.5 (Neeman-Murfet recollement: [Nee08, Mur07]). Let R be any ring,
or more generally, any scheme X admitting a set of flat generators for Qco(X), the
category of quasi-coherent sheaves on X. Recall we have the following three model
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structures coming, respectively, from Theorem 6.6, Theorem 7.4, and an application
of Theorem 5.3:
Mflatctr = (dwF˜ ,Wctr, dgC˜), M
flat
stb = (exF˜ ,Vprj, dgC˜), M
flat
der = (dgF˜ , E , dgC˜).
Then they induce a recollement of triangulated categories:
Ho(Mflatstb ) Ho(M
flat
ctr ) Ho(M
flat
der )
//
oo
oo
//
oo
oo
.
When R is a coherent ring, the three homotopy categories are compactly gener-
ated as shown by Jørgensen [Jør05b] and Neeman [Nee08], and for the sheaf case,
by Murfet in [Mur07]. But again, unlike the injective case, there doesn’t seem to
be an easy model category interpretation of this.
9. Stable module categories
We described in Section 3.2 how St(R), the stable category of a quasi-Frobenius
ring R, has a generalization to Gorenstein rings. Indeed Theorem 3.1 says that the
stable module category of a Gorenstein ring is the homotopy category of all Goren-
stein injective modules, or equivalently, all Gorenstein projective modules. This
is formalized by the existence of the Hovey triples (All,W ,GI) and (GP ,W , All)
where W is the class of all modules of finite projective (equivalently, finite injec-
tive) dimension. For non Gorenstein rings, one can’t expect to always have a class
such as W , “balancing” the Gorenstein injectives and the Gorenstein projectives
in two Hovey triples. But we end this survey by discussing how a refinement of
the traditional Gorenstein injective and Gorenstein projective modules leads to two
abelian model structures on R-Mod for a general ring R. That is, we will describe
Hovey triples Sinj = (All,Winj,GI) and S
proj = (GP ,Wproj, All) in R-Mod with
the property that Winj =W =Wproj when R is Gorenstein. We think of Ho(S
inj)
as the injective stable module category of R and Ho(Sproj) as the projective stable
module category of R. This is a summary of the paper [BGH13] which grew out of
the thesis of Daniel Bravo [Bra11].
As we will see, the idea is based on the observation that the traditional notion of
Gorenstein injective modules only seems well suited for Noetherian rings. But in a
classic paper, [Ste70], Stenstro¨m described how many results in homological alge-
bra can be extended from Noetherian rings to coherent rings by replacing finitely
generated modules with finitely presented modules. In the process, the usual injec-
tive modules get replaced by the absolutely pure modules (also called FP-injective
modules). Based on this, Ding and Mao introduced a refinement of Gorenstein
injective modules for coherent rings in [DM08]. As was suggested in [Gil10], these
modules are now often called Ding injective, and they turn out to give a quite sat-
isfactory extension of Gorenstein injective modules to coherent rings. In particular,
the Ding injectives are the fibrant objects of an injective abelian model structure
on R-Mod whenever R is coherent, yet they coincide with the usual Gorenstein
injectives when R is Noetherian. But in [BGH13], the philosophy of Stenstro¨m is
taken all the way to general rings. When relaxing from coherent rings to general
rings, it is noticed that the finitely presented modules should be replaced with the
modules of type FP∞. The process results in a new class of modules, the absolutely
clean modules replacing by the absolutely pure modules. This in turn leads to the
definition of Gorenstein AC-injective modules as a further refinement of the Ding
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injective modules. We will explain this further throughout this section, along with
the the projective analog.
9.1. The absolutely clean modules. A ring R is (left) Noetherian if and only if
every finitely generated (left) R-module F has a projective resolution · · · → P2 →
P1 → P0 → F → 0 with each Pi a finitely generated projective. The existence of
such resolutions is the reason why injective modules over Noetherian rings enjoy
so many nice homological properties. As an example, we recall the reason why
injective modules over Noetherian rings are closed under direct sums. Indeed, by
Baer’s criterion, a module A is injective if and only if Ext1R(F,A) = 0 for each
finitely generated F . So given a collection {Aα} of injective modules Aα, and
letting P∗ → F → 0 denote a projective resolution of F by finitely generated
projectives, we compute:
Ext1R(F,
⊕
Aα) = H
1[HomR(P∗,
⊕
Aα)] ∼= H
1[
⊕
HomR(P∗, Aα)]
∼=
⊕
H1[HomR(P∗, Aα)] ∼=
⊕
Ext1R(F,Aα) = 0.
The computation is only valid since HomR(P∗,−) preserves direct sums when each
Pi is finitely generated. Now if R is just (left) coherent it is precisely the finitely
presented modules F which enjoy the property of having projective resolutions
P∗ → F → 0 with each Pi finitely generated. Thus the above computation holds
whenever F is finitely presented and {Aα} is a collection of absolutely pure (that
is, FP-injective) modules. In other words, the same computation shows that ab-
solutely pure modules are closed under direct sums whenever R is coherent. This
indicates Stenstro¨m’s philosophy from [Ste70]: As a ring is relaxed from Noether-
ian to coherent, the appropriate notion of “finite” module should sharpen from the
finitely generated modules to the finitely presented modules.
This motivates some definitions. For a general ring R, we say an R-module F is
of type FP∞ if it admits a projective resolution by finitely generated projectives.
So for Noetherian rings these are the finitely generated modules and for coherent
rings these are the finitely presented modules. A first study of modules of type FP∞
appeared in [Bie81]. Among other things, he shows that the modules of type FP∞
always form a thick subcategory. That is, for any ring R, they are closed under
direct summands and whenever two out of three terms in a short exact sequence
are of type FP∞, then so is the third. Further homological properties of such
modules were studied by Livia Hummel in [Mil08]. They have also appeared in
group representation theory; see [Ben97] and [Kro99]. Thinking of modules of type
FP∞ as the correct notion of “finite” modules over general rings, we are then led
to make some more natural definitions.
Definition 8. We call a short exact sequence 0 → A → B → C → 0 clean if
it remains exact after applying HomR(F,−) for any F of type FP∞. We say an
R-module A is absolutely clean, or FP∞-injective, if Ext
1
R(F,A) = 0 for each
module F of type FP∞.
Using standard arguments with Ext, it is easy to see that a module A is FP∞-
injective if and only if every short exact sequence 0 → A → B → C → 0 is clean.
Hence the name “absolutely clean”, as this is completely analogous to how a module
is FP-injective if and only if it is absolutely pure. The following summarizes the
first results on these modules. Note that direct sums of absolutely clean modules
are again absolutely clean by the same exact argument we gave above.
26 JAMES GILLESPIE
Proposition 9.1. Let R be any ring. Then the absolutely clean modules are closed
under direct sums.
(1) R is (left) coherent if and only if the absolutely clean modules coincide with
the absolutely pure modules.
(2) R is (left) Noetherian if and only if the absolutely clean modules coincide
with the injective modules.
The absolutely clean modules share many more of the homological properties en-
joyed by injective modules over Noetherian rings and absolutely pure modules over
coherent rings. In particular, using Theorem 2.1, the set of (isomorphism repre-
sentatives of) all modules of type FP∞ cogenerate a hereditary complete cotorsion
pair (C,A). Moreover, there exists an infinite cardinal κ such that each absolutely
clean module is a transfinite extension of absolutely clean modules of cardinality
less than κ. We refer the reader to [BGH13, Props. 2.5/2.6].
9.2. Level modules and character module duality. For a left (resp. right)
R-module N , its character module is the right (resp. left) R-module N+ =
HomZ(N,Q/Z). For Noetherian rings R, it is standard that N is flat if and only
if N+ is injective and also that N is injective if and only if N+ is flat; see [EJ00].
For a coherent ring R it is known that N is flat if and only if N+ is absolutely
pure and that N is absolutely pure if and only if N+ is flat; see [FH72]. By ana-
lyzing the reasons that make this duality possible, we see that it in fact extends to
non-coherent rings. But to do so, we need the following extension of the notion of
flatness which, again, is based on the modules of type FP∞.
Definition 9. A left R-module L is called level if TorR1 (F,L) = 0 for all right
R-modules F of type FP∞.
In the spirit of Proposition 9.1, there are interesting characterizations of coherent
rings in terms of level modules.
Proposition 9.2. Let R be any ring. Then the level modules are closed under
direct products. Moreover, R is (right) coherent if and only if the level (left) modules
coincide with the flat modules.
Proof. Let {Lα} be a given collection of level (left) R-modules Lα and let F be a
(right) R-module of type FP∞. We let P∗ → F → 0 denote a projective resolution
of F by finitely generated projectives. Then we compute:
TorR1 (F,
∏
Lα) = H1(P∗ ⊗R
∏
Lα) ∼= H1(
∏
(P∗ ⊗R Lα))
∼=
∏
H1(P∗ ⊗R Lα) =
∏
TorR1 (F,Lα) = 0.
The product can only be pulled out of the tensor product because each Pi is finitely
generated projective. The computation shows that the class of all level modules is
always closed under direct products.
Now flat modules are always level and the converse holds when R is (right)
coherent. Indeed in this case, the (right) R-modules of type FP∞ coincide with the
finitely presented modules. So every (right) moduleM is a direct limit,M = lim
−→
Fi,
of Fi of type FP∞. It follows that Tor
R
1 (M,L) = 0 for all (right) modules M and
level (left) modules L.
Finally, a famous theorem of Chase states that a ring is (right) coherent if and
only if the (left) flat modules are closed under direct products. So if the level (left)
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modules coincide with the flat modules, then from what we have already shown,
they are closed under products. 
Many other nice properties of level modules, including the fact that they are al-
ways the left half of a complete hereditary cotorsion pair, can be found in [BGH13,
Section 2]. In short, just as we think of the absolutely clean modules as those
modules possessing the same homological properties as injective modules over Noe-
therian rings, we think of the level modules as the modules possessing the same
properties as flat modules over coherent rings. Moreover, the following is proved
in [BGH13, Theorem 2.10].
Theorem 9.3. Let R be a ring. A left (resp. right) R-module L is level if and only
if the right (resp. left) R-module L+ is absolutely clean, and, a left (resp. right)
R-module A is absolutely clean if and only if A+ is level.
9.3. Gorenstein AC-injective and Gorenstein AC-projective modules. We
now return to the original goal of this section: Describing a generalization of the
stable module category St(R) of a quasi-Frobenius ring R. The generalization
to Gorenstein rings, described in Section 3.2, depends on the notion of Gorenstein
injective and Gorenstein projective modules. An R-moduleM is calledGorenstein
injective if there exists an exact complex of injectives
· · · −→ I1 −→ I0 −→ I
0 −→ I1 −→ · · ·
withM = ker (I0 −→ I1), which remains exact after applying HomR(J,−) for any in-
jective module J . Dualizing, one obtains the definition of Gorenstein projective
modules. From the abelian model category point of view, generalizing the stable
module category of a ring boils down to the question of when we have Hovey triples
Sinj = (All,Winj, Goren injectives) and S
proj = (Goren projectives,Wproj, All)
in R-Mod. The answers are not known in full generality but it is shown in [BGH13]
that this does hold for the following refinement of the Gorenstein injective and
Gorenstein projective modules.
Definition 10. Let R be any ring and M an R-module.
(1) M is called Gorenstein AC-injective if there exists an exact complex of
injectives
· · · −→ I1 −→ I0 −→ I
0 −→ I1 −→ · · ·
with M = ker (I0 −→ I1), which remains exact after applying HomR(A,−)
for any absolutely clean module A.
(2) M is called Gorenstein AC-projective if there exists an exact complex
of projectives
· · · −→ P1 −→ P0 −→ P
0 −→ P 1 −→ · · ·
with M = ker (P 0 −→ P 1), which remains exact after applying HomR(−, L)
for any level module L.
We have injective =⇒ Gorenstein AC-injective =⇒ Gorenstein injective, and
similar for the projectives. For Noetherian rings, the Gorenstein AC-injective mod-
ules coincide with the usual Gorenstein injectives. The Gorenstein AC-projective
modules are a bit more subtle. They do coincide with the usual Gorenstein projec-
tives whenever R is Noetherian and has a dualizing complex. But it is not because
the ring is Noetherian; it is because the level modules, which in this case are the
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flat modules, each have finite projective dimension. It is the existence of a dualizing
complex which forces this [Jør05a]. Indeed the Gorenstein AC-projectives coincide
with the traditional Gorenstein projectives for any ring in which all level mod-
ules have finite projective dimension. Finally, when R is coherent, the Gorenstein
AC-injective (resp. Gorenstein AC-projective) modules coincide exactly with the
Ding injective (resp. Ding projective) modules of [Gil10, YLL13]. A main result
of [BGH13] is the following, which appears there as Theorem 5.5/Proposition 5.10
and Theorem 8.5/Proposition 8.10.
Theorem 9.4 ([BGH13]). Let R be any ring. Denote the class of Gorenstein
AC-injective modules by GI and the class of Gorenstein AC-projective modules by
GP.
(1) Sinj = (All,Winj,GI) is a hereditary Hovey triple, where Winj =
⊥GI.
(2) Sproj = (GP ,Wproj, All) is a hereditary Hovey triple, where Wproj = GP
⊥.
Each is cogenerated by a set. This means the corresponding triangulated homotopy
categories are well generated in the sense of Neeman [Nee01].
Note that Ho(Sinj) ∼= GI/ ∼ , where f ∼ g if and only if g − f factors through
an injective module. Similarly, Ho(Sproj) ∼= GP/ ∼ , where f ∼ g if and only if
g − f factors through a projective module. We call Ho(Sinj) the injective stable
module category of R and Ho(Sproj) the projective stable module category
of R. The canonical functor γ : R-Mod −→ Ho(Sinj) preserves coproducts, and
takes all projective and absolutely clean modules to zero. It is also exact in the
sense that it takes short exact sequences to exact triangles. Similarly, there is a
canonical product-preserving functor R-Mod −→ Ho(Sproj) which takes all injective
and level modules to zero. If R is a Gorenstein ring, then Winj = W = Wproj is
exactly the class of all modules of finite injective dimension, equivalently, of finite
projective dimension.
A main difficultly in proving Theorem 9.4 is finding a set of modules S, which
cogenerates the cotorsion pair (GP ,Wproj). The idea is to show that any firmly
acyclic complex of projectives is “built up from” (technically, a transfinite extension
of) firmly acyclic complexes belonging to some fixed set, not a proper class. By a
firmly acyclic complex of projectives we mean one that appears in the above
Definition 10. That is, an exact complex of projectives · · · −→ P1 −→ P0 −→ P
0 −→
P 1 −→ · · · which remains exact after applying HomR(−, L) for all level L. Dealing
directly with the HomR(−, L) condition seems hopeless. The problem becomes
doable, although still quite technical, after the following simplification. Its proof is
based on Theorem 9.3 and is a generalization of the result proved by Murfet and
Salarian in the Noetherian case.
Theorem 9.5 ([MS11],[BGH13]). Let C be a chain complex of projective modules.
Then HomR(C,L) is exact for any level (left) R-module L if and only if A⊗R C is
exact for any absolutely clean (right) R-module A.
As pointed out in Section 9.1, there is a set of absolutely clean modules from
which all others are “built up”. It implies that there is a single absolutely clean
modules A′, for which a complex C of projectives is firmly acyclic if and only if
A′⊗RC remains exact. This is the key to cogenerating (GP ,Wproj) by a set, proving
it is a complete cotorsion pair.
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